The Markov Spectra for Triangle Groups  by Vulakh, L.Ya
File: DISTIL 218101 . By:DS . Date:04:07:01 . Time:07:16 LOP8M. V8.0. Page 01:01
Codes: 4187 Signs: 2252 . Length: 50 pic 3 pts, 212 mm
Journal of Number Theory  NT2181
journal of number theory 67, 1128 (1997)
The Markov Spectra for Triangle Groups
L. Ya. Vulakh*
The Cooper Union, New York, New York 10003
Communicated by A. C. Woods
Received March 5, 1996; revised March 25, 1997
Applying the Klein model D2 of the hyperbolic plain and identifying the geodesics
in D2 with their poles in the projective plane, the author has developed a method
for determining infinite binary trees in the Markov spectrum for a Fuchsian group.
In the present paper this method is applied to the groups generated by reflections
in the sides of a rectangular triangle in the hyperbolic plane. The complete description
of the discrete part of the Markov spectrum for any Hecke group is given.  1997
Academic Press
1. INTRODUCTION
Let fx(u)= fx(u1 , u2)=x0u21+x1u1u2+x2u
2
2=x0(u1&%u2)(u1&%$u2) be
an indefinite quadratic form with real coefficients and with discriminant
Q(x)=x21&4x0 x2 . Define &( fx)=&(x)=inf | fx(u1 , u2)| Q(x)
&12, the infi-
mum being taken over all (u1 , u2) # Z2(0, 0). The set M=[&( fx) : x # R3,
Q(x)>0] is called the Markov spectrum. In 1879, Markov [9] showed, by
means of continued fractions, that the set M & (13, ) is discrete and it
consists of the numbers (9&4m&2)&12 where m runs through the set of
all positive integers such that (m, m1 , m2) is a solution of the Diophantine
equation m2+m21+m
2
2=3mm1m2 . This result is closely related with the
subject of Diophantine approximations (see e.g. [2] or [5]). Another
development, started by Frobenius (1913) and Remak (1924), led to a new
proof of Markov’s theorem using the properties of quadratic forms (see
[2]). Since | fx(u1 , u2)| Q(x)&12=|%&%$|&1, to study the Markov spectrum,
we can associate with real numerical multiples of an indefinite quadratic
form fx as above the geodesic # in the hyperbolic plane H2=[z # C : Im z>0]
whose endpoints % and %$ lie in R. This more recent point of view led to
many generalizations and extensions of the original Markov theorem. The
most spectacular achievement of this development is related to the parametri-
zation of the set of simple closed geodesics on some coverings of the
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modular surface H2SL2(Z) by the Markov spectrum above 13. (see e.g.,
[5, 8, and 15] for references).
In this paper, as in [15], we shall use the Klein model of the hyperbolic
plane. In particular, we identify the form fx with the point x=(x0 , x1 , x2)
in the projective plane P2. Then the interior of the conic Q(x)=0 can be
considered as a model D2 of the hyperbolic space. If fx is indefinite, then
the intersection of the polar of x (see the definition below) with D2 is a
geodesic in D2. The main accent will be made on determination of the
reduction region R which is the set of extremal points x # P2 (x is extremal
if | fx(u1 , u2)||x0 | for all (u1 , u2) # Z2(0, 0)). For any x # R, &(x)=
|x0Q(x)&12|. Thus, it is easy to find the spectrum M if R is known. On
the other hand, R is two-dimensional and its ‘‘projection’’ M is one-dimen-
sional, and many structural features of the spectrum which are hidden in
M can be revealed in R. It is shown in [15] that an infinite binary tree
whose limit set lies on a certain conic in P2 is one of the basic structures
of R outside D2. In the rest of this section, the Klein model of the hyper-
bolic plane is described, the relevant definitions are given, and the main
results of this paper (Theorems 1 and 2) are stated.
Let V be a three-dimensional vector space over R. Let Q : V  R be
an indefinite ternary quadratic form of signature (2, 1) with associated
symmetric bilinear form (x, y)=(Q(x+ y)&Q(x& y))4. An R-linear
transformation g from the quadratic space (V, Q) into itself is called an
isometry if (gx, gy)=(x, y) for any x, y # V. The set of all isometries of
(V, Q) will be denoted by O(V)=O(V, Q). We shall identify the 1-dimen-
sional subspaces of V with the points of the projective plane P2. For x # P2,
the line L=[ y # P2 : ( y, x)=0] is said to be the polar of x and x the pole
of L (see e.g. [4]). A point x # P2 is definite, isotropic or indefinite if
Q(x)<0, =0 or >0 respectively. Denote C=[x # P2: Q(x)=0] and
D2=[x # P2 : Q(x)<0]. The set D2 can be used as a model for the hyper-
bolic plane. The distance d(x, y) between x, y # D2 can be found from
cosh2 d(x, y)=(x, y)2Q(x) Q( y)). The group of isometries of D2 is O(V).
The geodesics in D2 are the lines in P2 which pass through D2. An isometry
g # O(V), g2=id, fixes pointwise a line L in P2 which will be called the axis
of g. We say that such a g is an involution if the axis L of g does not cut
C, and g is a reflection if L does.
Let G be a discrete subgroup of O(V). Let w # P2 be fixed. We say that
a point x # P2 is w-extremal if (x, gw)2(x, w)2 for all g # G. For every
g # GGw , where Gw is the stabilizer of w in G, we define the g-strip to
be the set [x # P2: (x, gw)2<(x, w)2]. The boundary of a g-strip consists
of two lines L+(g) and L&(g) with equations (x, gw&w)=0 and
(x, gw+w)=0 respectively. The set Rw , of all w-extremal points in P2 will
be called the w-reduction region of G. We denote by D*(w) the connected
component of Rw . If G is a Fuchsian group of the first kind and w # D2 is
12 L. YA. VULAKH
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not a fixed point of G then D*(w)=D2 & Rw is the Dirichlet region of G
with center at w (see [1]). For an indefinite point x # P2, denote
&w(x)=&(x)=inf |(x, gw)| Q&12(x)
the infimum being taken over all g # G. If x # Rw , then &(x)=Q&12(x)
provided (x, w)=1. The set
Mw(G)=M(G)=[&w(x) : x # P2, Q(x)>0]
is said to be the Markov spectrum of G with respect to w.
In Section 4, w is isotropic and we choose Q(x)=x21&4x0x2 . Then Q(x)
is the discriminant of the quadratic form
fx(u)= fx(u1 , u2)=x0 u21+x1u1 u2+x2 u
2
2 (1)
(cf. [3, p. 301]). Two forms fx and fy are said to be equivalent if there is
g=\ac
b
c+=\
a(g)
c(g)
b(g)
d(g)+ # GL2(Z)
such that fy(u)= fx(gu). In that case y=,(g)(x) where
a2 ac c2
,(g)=\2ab ad+bd 2cd+ . (2)b2 bd d 2
Let G=,(GL2(Z)) # O(V) and w=(1, 0, 0). For g # G with a{0, g(w)=
(a2, 2ab, b2)=a2(1, 2z, z2) where z=ba, a, b # Z.
In the model D2, indefinite quadratic forms fx(u) are associated with the
points x # P2 with Q(x)>0. x is the pole of the line in D2 through the
points ek=(1, &2%k , %2k), k=1, 2, where fx(%k , 1)=0, k=1, 2, since
(x, ek)=&2fx(%k , 1).
Thus,
&2w(x)=inf
| fx(a, b)| 2
Q(x)
, (3)
the infimum being taken over all (a, b) # Z2(0, 0), and the classical Markov
spectrum M is the Markov spectrum of GL2(Z) with respect to
w=(1, 0, 0).
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In what follows, for g # GL2(R), instead of saying that ,(g) in (2) acts in
P2, we say that g acts in P2. It should not cause any confusion.
Let H be a Fuchsian group. Let F2 , F1 # H be hyperbolic and let G$ be
the subgroup of H generated by F2 and F1 . Assume that there is the involu-
tion S such that F2=S1 S, F1=SS2 where S1 and S2 are involutions. Let
G be the group generated by the involutions S1 , S, S2 . Then [G : G$]=2.
(Note that the involutions S1 , S and S2 do not necessarily belong to H).
Let T=S1SS2 . Define the tree 9(T ) of triples of involutions generated
by (S1 , S, S2) as follows. Let S$=S1SS1 , S"=S2 SS2 . Then (S$, S1 , S2),
(S1 , S2 , S") # 9(T ). Similarly, if (U1 , U, U2) # 9(T) then (U$, U1 , U2),
(U1 , U2 , U") # 9(T ). Here U$=U1UU1 , U"=U2 UU2 . The involutions U2
and U1 fix two points u2 and u1 in D2 respectively. The line L through u2
and u1 in P2 is the axis of the hyperbolic F=U2U1 . The pole f of L is the
unique indefinite fixed point of F. By corresponding to every triple (U1 , U,
U2) # 9(T ), the indefinite fixed point f of F=U1U2 in P2 we obtain the
tree of indefinite points F(T) associated with 9(T). Denote by CT the
conic it P2 with equation (Tx+x, x)=0. The limit set of the tree F(T) lies
on CT ([15], Theorem 17).
Let w # P2 and let G be a subgroup of a Fuchsian group H. Let DT /P2
be the closed region bounded by CT and the axes of the involutions of S1
and S2 . We shall say that
(1) the tree F(T) is w-extremal if every f # F(T ) is w-extremal, that
is ( f, gw)2( f, w)2 for any g # H;
(2) F(T ) is unique in DT if an extremal f # DT implies f # F(T);
(3) F(T ) is simple on M=D2G if the projection of the polar of any
f # F(T ) is a simple closed geodesic on the Riemann surface M.
Denote A2=[x # P2 : (x, w){0]. The points in A2 can be normalized by
condition (x, w)=1. Let t be the fixed point of T. When w=t, the equation
of CT in A2 is Q(x)=const.
Suppose that G is generated by the reflections _0 , _1 and _ across the
sides sv, vw, and sw of the triangle with vertices s, v and w. Let
S=__0=_0 _, A=_1_0 , B=AS=_1_, (4)
and S2=Aq=id where q3. Thus, w is the fixed point of B. The subgroup
G" of G generated by S and A is called the triangle group. If w is an
isotropic point in P2 then G" is a Hecke group; if w is an elliptic fixed point
of G" of order m, then G" is the triangle group (2, q, m) (see e.g. [1]).
In the following, the integer k is defined modulo q. Let
Sk=AkSA&k, (5)
14 L. YA. VULAKH
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where we put S0=S, and
S$k=SSkS. (6)
When q=2n, U=An is also an involution. Let U$=SUS. If q=2n, let
Tn=Sn&1SU$ and let 9(Tn) be the tree of involutions generated by the
triple (Sn&1 , S, U$). Otherwise, Tk=Sk&1 SS$k and 9(Tk) is the tree
generated by the triple (Sk&1 , S, S$k), k=2, ..., [(q+1)2]. Let F(Tk) be
the corresponding tree of indefinite points in P2. Denote by Dk the region
in P2 bounded by the axes of the involutions Sk&1 and S$k and by the curve
CTk , with equation (Tkx+x, x)=0. Let Fk=SS$k and, for q=2n, Kn=US,
so that Fn=K 2n . Let fk be the indefinite fixed point of Fk . Applying the
results obtained in [15] we shall prove the following.
Theorem 1. Let G be the group generated by the reflections _, _0 , and
_1 and let G" be its subgroup generated by _0 _ and _1 _0 . Let GS be the sub-
group of G generated by the involutions Sk , k=0, 1, ..., q&1, for q=2n&1,
and by U and Sk , k=0, 1, ..., n&1, for q=2n.
(a) The indefinite fixed points of Fk , k=1, ..., q&1, are w-extremal,
and the projections of the polars of these points into M=D2GS are simple
closed geodesics on M.
(b) The trees F(Tk), k=2, ..., [(q+1)2], are w-extremal and simple
on M.
(c) Let G" be the Hecke group Gq ; i.e., w is an isotropic point. Let
n=[(q+1)2]. Then the tree F(Tn) is unique in Dn .
For q=2n, let F $=Su&1U$=Fn&1Kn and in general F (i)=F in&1Kn ,
i=1, 2, ... . For q=2n&1, let F $=Sn&1S$n=Fn&1Fn and in general F (i)=
F in&1Fn , i=1, 2, ... . Let f
(i) be the indefinite fixed point of F (i). Then U$f (i)
=&f (i) for q=2n, and S$n f (i)=&f (i) for q=2n&1. Thus, u2=lim i   f (i)
is a vertex of Dn . The following result is equivalent to the complete description
of the discrete part of the Markov spectrum for the Hecke group Gq , q>4.
For q=5, it was first obtained in [10].
Theorem 2. Let G" be the Hecke group Gq . Let f be an indefinite point.
(a) Let f $ be the fixed point of F $. If &( f )>&( f $) then f is
G"-equivalent to one of the points fk , q4kq2.
(b) If &( f $)&( f )>&(u2), then f is G"-equivalent to one of the points
f (i) # F(Tn), i=1, 2, ... .
(c) &(u2) is the first accumulation point in the Markov spectrum of Gq .
When q is even, &(u2)=(cos(?q))2.
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2. EXTREMAL GEODESICS
By definition, Ss=s, Av=v, Bw=w, and
Gs=(_, _0) , Gv=(_0 , _1) , Gw=(_, _1) . (7)
Denote
_k=A_k&1=Ak_0=_0A&k (8)
and
_$k=S_kS. (9)
Then A&k=_0Ak_0 by (8). Let v$=Sv and A1=SAS. It is clear that
_$k , A1 # Gv$ . Denote 0=_ and for k{0 define k=Ak&1. Then, by (5),
(4), and (8),
k=_k S=Ak_=S_$k=Sk_k=_k+1B. (10)
By (6), (8), (10), and (9),
Fk=SS$k=SkS=2k=_k_$k . (11)
Thus, for fk , the fixed point of Fk , we have
k fk=Sfk=&_k fk=&_$k fk=&fk . (12)
Note that fk , the indefinite fixed point of k (see (11)), can be considered
as the eigenvector of the (3_3)-matrix k corresponding to its eigenvalue
&1.
Lemma 3. Let v$=Sv, A1=SAS. Then _v=v$, _fk= f&k , Bf&1= f1 ,
and the following identities hold in G:
_mSk_m=Sm&k , k, m=0, ..., q&1; (13)
SkS=&1k ; (14)
_A_=A&11 ; __k_=_$&k ; _Sk_=S$&k ; _k _=
&1
&k . (15)
Proof. From (5), (8), and (4), we have
_mSk _m =_0Ak&mSAm&k_0=Am&k_0S_0 Ak&m
=Am&kSAk&m=Sm&k .
16 L. YA. VULAKH
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Equation (10) implies (14). From (4), _A_=__1 _0 _=__0A&1_0_=
A&11 .
From (8) and (9), __k_=SA&k_=S_&k S=_$&k .
By (4), (13), and (6), _Sk_=S_0Sk_0S=SS&k S=S$&k .
Finally, from (10), (4), and (8), _k_=_Ak=S_&k=&1&k . Hence
_f&k= fk and, by (4) and (12), Bf&1=_1 f1= f1 .
Lemma 4. For k{0, let fk be the fixed point of k . Let ( fk , w)=1.
Then
( fk , _kw)=( fk , k&1w)=( fk , Ak&1w)=1, (16)
( fk , _$kw)=( fk , &1k+1w)=( fk , A
k+1
1 w)=1. (17)
( fk , kw)=( fk , Akw)=&1, (18)
( fk , &1k w)=( fk , A
k
1w)=&1. (19)
Proof. From (10),
&1k =SkS=A
k
1 _=_$k&1B
&1. (20)
Hence by (10), (20), (7), and (4), Sw=SB&1w=A&1w, _k+1w=kw=
Akw, and _$k&1w=&1k w=A
k
1 w which, by (12) and Lemma 3, proves the
lemma.
From (5) and (4), S1=_1S_1 which by (10), (4), and (7) implies that
1w=Aw=S1w=_2w. (21)
Let q=2n. Then U$=SUS=An1 , Kn=SU$=_n_, and n=U_. By
Lemma 4,
( fn&1 , U$w)=1, ( fn , Uw)=&1, ( fn+1 , Uw)=1. (22)
Lemma 5. Let k{0. The indefinite points fk are w-extremal.
Proof. For w isotropic or definite the lemma is proved in [13]. The
case of indefinite w can be treated similarly.
Lemma 6. The trees of indefinite points F(Tk) are w-extremal.
Proof. By (5), the fixed points sk of the involutions Sk , k=0, ..., q&1,
are located on the hyperbolic circle K with center v, and s$k=Ssk , the fixed
points of S$k , are located on the hyperbolic circle K$=S(K) with center
v$=Sv. The circles K and K$ are tangent at s0 .
By (11), Ss0=s0 and Ss$k=sk . Thus, to show that the triangle with
vertices at s$k , s0 , and sk&1 has an obtuse angle at s0 (k=2, ..., [(q+1)2]),
17THE MARKOV SPECTRA
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it is enough to show that the triangle Rk with vertices at sk , s0 , and sk&1
has an acute angle at s0 . We shall use the unit disk model 2 of the hyper-
bolic plane with center at v (see [1]). In 2, the points sk , k=0, 1, ..., q&1,
are the vertices of a regular Euclidean q-gon with center at the origin.
Assume that the angle at s0 in the triangle Rk is not acute. Let uk&1 and
uk be the points of intersection of the circle K with the Euclidean tangent
lines at s0 to the sides of Rk through s0 and sk&1 , and s0 and sk respec-
tively. Then the arc uk&1uk of K subtends an angle ? and belongs to the
arc sk&1sk which subtends the angle ?q. The contradiction obtained shows
that the angle at s0 in Rk is acute.
Let 9(Tk) be the tree of the triples of involutions generated by the triple
(Sk&1, S, S$k), Tk=Sk&1 SS$k . By Lemma 5 and Theorem 18 from [15] the
trees of indefinite points F(Tk), k=2, ..., [(q+1)2], are extremal for w
indefinite or isotropic. The proof of the lemma in the case of an elliptic w
is given at the end of Section 3.
If q=2n then Tn=Sn&1SU$=_n&1_$&1 where _$&1=__1_. By (9), we
also have T2=S1SS$2=_"_$2 where _"=_1__1 . Similarly, when q=2n&1,
Tn=Sn&1SS$n=_1n_ where _1n=_n&1_$1_n&1.
Let tk be the fixed point of Tk , k=2, ..., n. It follows from (22), (21),
Lemma 4, and [15, Corollary 13] (as well as from the representations of
T2 and Tn , above as the products of two reflections) that t2 is located on
the line through w and s1 : when q=2n, tn lies on the line through w and
v$; and when q=2n&1, tn is on the line through w and s.
For q=3 or 4, there is only one tree 9(Tk) and w=t2 . By [15,
Theorem 21], the tree F(T2) gives the complete description of the
w-reduction region for indefinite points inside CT . When q=3 or 4, one
finds from (4) that T2=B&3 or B&2 respectively. If w is isotropic, i.e., G is
a Hecke group, Eq. (17) from [15] can be used to describe the spectrum.
In that case *=|tr(T2)|2=1 and we put m2=3x2 , m1=3x1 , m=3x if
q=3, and m2=2 - 2 x2 , m1=2 - 2 x1 , m=4x if q=4 in that equation. In
the former case the equation is reduced to the classical Markov equation
x22+x
2
1+x
2=3x2x1x (see e.g. [2]), and in the latter to the equation
x22+x
2
1+2x
2=4x2 x1x which first appeared in [12]. (It can be used to
obtain the complete description of the discrete part of the Markov spectrum
on the sublattice of index 2 (see e.g. [8]).) The discrete part of M(G3) lies
above 13 and that of M(G4) lies above 8&12.
It follows from Lemmas 4 and 5 that the Ak-strips cover the neighborhoods
of the extremal points fk , k=1, ..., q&1. Denote by Rk the quadrilateral
bounded by L+(Ak&2), L&(Ak&1), L&(Ak1), and L
+(Ak+11 ). Let D$k be the
part of Rk that lies inside CTk . We also introduce the triangular region
Dk /Dk$ which consists of the points satisfying the inequalities ( f, S$k w)
&1 and ( f, Sk&1w) &1. Then F(Tk)/Dk , each vertex of Dk is
extremal, and each side of Dk contains infinitely many extremal points. In
18 L. YA. VULAKH
File: DISTIL 218109 . By:DS . Date:04:07:01 . Time:07:16 LOP8M. V8.0. Page 01:01
Codes: 2917 Signs: 2077 . Length: 45 pic 0 pts, 190 mm
particular, the vertices of Dk that lie on CTk are limit points of F(Tk) (see
[15, Theorem 17]).
3. SIMPLE CLOSED GEODESICS
Let G be a discrete group. The quotient M=D2G is a Riemann surface.
Let ? : D2  D2G be the projection map. If L is the axis of a hyperbolic
element F # G then ?(L) is a closed geodesic in M, and if # is a closed
geodesic in M then ?&1(#) consists of the axes of the conjugacy class of
some hyperbolic F # G. A geodesic # is said to be simple if it does not inter-
sect itself. The pole f of a line L in P2 which intersects D2 lies outside D2.
In such a way, for any line L in D2, we can define the pole f of L. Let f # P2
be the pole of L in D2. It is easily seen that
?(L) is simple iff L & gL=< for all g # GGf .
(or iff the line through f and g( f ) in P2 cuts C for all g # GGf).
Let G be generated by three involutions S1 , S, S2 . Suppose that the
triangle with vertices s1 , s, and s2 is not obtuse. Let T=S1SS2 . Let f1 and
f2 be the indefinite fixed points of SS2 and S1S respectively. The following
theorem is proved in [15].
Theorem 7. Assume that
(Tf &f, f )<0. (23)
A geodesic #=?(L) in M is simple if and only if the pole f of L is
G-equivalent to f1 , f2 , or a point in the tree F(T ) or its closure.
If T is hyperbolic and LT is the axis of T then ?(LT) is also simple in M.
Let GS be the subgroup of Gq generated by the involutions Si ,
i=0, 1, ..., q&1. For q=2n, let G$S be the subgroup of G2n generated by
the involutions U=An and Si , i=0, 1, ..., n&1. Then [G : GS]=q and
[G : G$S]=n. The results obtained in [13] imply the following.
Lemma 8. Let Lk be the axis of Fk , k=1, ..., q&1. Then ?(Lk), k{0,
are simple closed geodesics in D2GS .
Let D be the geodesic polygon with vertices at w, s0 , v and s1 . Then
N(v)=GvD is a fundamental domain of GS (In [14], N(v) is called the
v-cell). When q=2n, the geodesic L$ through s and v in D2 divides N(v)
into two congruent parts. Denote by N(v)$ the part of N(v) whose closure
contains w. Then N(v)$ is a fundamental domain of G$S in D2. Note that
the sides of N(v) are the tangent lines at si , the fixed points of Si ,
19THE MARKOV SPECTRA
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i=0, ..., q&1, to the circle K with center v. The vertices of N(v) are Aiw,
i=0, 1, ..., q&1. Let Li be the axis of Fi=SiS. The fundamental domain of
Stab(Li , GS) on Li is the arc [s, si)/N(v). Hence ?(Li), i=0, ..., q&1,
are simple closed geodesics on M=D2G$S . Similarly, ?(L$) and ?(Li),
i=0, ..., n&1, are simple closed geodesics on M$=D2G$S .
Lemma 9. The projections of the polars intersected with D2 of the points
in the trees F(Tk), k=2, ..., q&1, into M tare simple closed geodesics on M.
Proof. Let Gk be the group generated by the involutions Sk&1 , S0 and
S$k . Let 9(Tk) be the tree of the triples of involutions generated by the
triple (Sk&1, S0 , S$k), Tk=Sk&1 S0S$k . Let (V1 , V, V2) # 9(Tk). Let t be the
fixed point of Tk . The triangle 2(V1 , V, V2) # P2 with vertices at t, t$=V1 t
and t"=V2t is a fundamental domain of Gk in GkD*(w) associated with
the triple (V1 , V, V2). Let v1 , v0 , v2 # D2 be the fixed points of V1 , V, V2
respectively. It is clear that 2(V$, V1 , V2), V$=V1VV1 , is the union of the
triangle with vertices t, t", v1 and the image of the triangle with vertices t$,
t", v1 under the action of V1 . Now we introduce the fundamental domain
N(Sk&1 , S0 , S$k) of GS associated with a triple (Sk&1 , S0 , S$k). Define
N(Sk&1, S0 , S$k)=2(Sk&1, S0 , S$k) & [N _ Sk&1N _ S0 N _ S$k N],
where N=N(v). Let \(V1 , V, V2) be the path from (V1 , V, V2) to the
root (Sk&1 , S0 , S$k) in the tree 9(Tk). For (V1 , V, V2) # 9(Tk), denote
N(V1 , V, V2)=[ gN] where the union is taken over all involutions g
which appear in the path \(V1 , V, V2) and define
N(V1 , V, V2)=2(V1 , V, V2) & N(V1 , V, V2).
It is clear that the region N(V1 , V, V2) is a convex fundamental domain of
GS when B is hyperbolic or parabolic. Let B be elliptic. The angle at each
of the vertices of N(v) equals ?m. Hence the angle at each of the vertices
of N(Sk&1, S0 , S$k) does not exceed 2?m. It follows that the angle at a
vertex of N(V1 , V, V2) does not exceed 4?m4?7<?. Thus, N(V1 , V, V2)
is convex in that case too. By definition, v1 , v0 , v2 # N(V1 , V, V2). Hence
the geodesic arc [v1 , v2), a fundamental domain of Stab( f, GS) on the axis
L of F=V1V2 , also belongs to N(V1 , V, V2). Thus, ?(L) is a simple closed
geodesic on M=D2GS , as required.
Similarly the case of q=2n and k=n can be considered.
Proof of Theorem 1(a, b). First the proof of Lemma 6 will be concluded.
Let w be elliptic. It is shown in the proof of Lemma 9 that the region
N(V1 , V, V2) is a convex fundamental domain of the group GS . Since v1 ,
v0 , v2 # N(V1 , V, V2) the quadrilateral with vertices at w, v1 , v0 and v2 is
covered by N(V1 , V, V2). The intersection of the orbit Gkw with N(V1 , V, V2)
20 L. YA. VULAKH
File: DISTIL 218111 . By:DS . Date:04:07:01 . Time:07:16 LOP8M. V8.0. Page 01:01
Codes: 2435 Signs: 1393 . Length: 45 pic 0 pts, 190 mm
consists of the vertices of N(V1 , V, V2), none of which belongs to the
quadrilateral. Let K( f ) be the fundamental domain of the group
Stab( f, Gk)=(V1 , V2) in D2 bounded by the lines through f and v1 and
through f and v2 . It follows that for any gw # K( f ), g # Gk , at least one of
the inequalities ( f, gw)2( fj , gw)2, j=1, 2, holds (cf. [15, Section 3]).
Thus, f is w-extremal if f1 and f2 , the indefinite fixed points of VV2 and
V1V, are. By induction, the tree F(Tk) is extremal. By Lemmas 5, 6, 8 and
9, this concludes the proof of the statements (a) and (b).
4. HECKE GROUPS
In this section, we prove Theorem 1(c) and Theorem 2. Let g, h # G. We
say that a compound (g, h)-strip exists in a region R # A2 if for any
w-extremal f # R either ( f, gw)&1 or ( f, hw)1 holds. Let mn=
sup Q( f ), the supremum being taken over all f # Dn . Denote D"n=[x # D$n :
Q(x)<mn]. The following statement is proved in [15] (see Theorem 28).
Lemma 10. Let T=Tn . Assume that there are compound (U$, U$T&1)-
and (Sn&1 , Sn&1T)-strips in D"n for q=2n, or compound (S$n , S$nT&1)- and
(Sn&1, Sn&1T )-strips in D"n for q=2n&1. Let f # D$n be a w-extremal
indefinite point. If f # D$n&Dn , then f =fn or fn&1 . If f # Dn , then f # F(T ).
The group Gq is generated by reflections
_=\&10
0
1+ , _0=\
0
1
1
0+ , _1=\
&1
0
*
1+
where *=2 cos(?q). By (4),
S=\01
&1
0 + , A=\
*
1
&1
0 + , B=\
1
0
*
1+ .
Denote
(a0 , b0)=(0, 1), (a1 , b1)=(1, 0).
Let
(ak+1 , bk+1)=(*ak&bk , ak).
Then
bk+1=*bk&bk&1. (24)
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From (8), (9), we obtain by induction
_k=\&ak&bk
ak+1
bk+1+ , _$k=\
&bk+1
ak+1
&bk
ak + , k=1, ..., q&1, (25)
where (see [13])
ak=bk+1=
sin(k%)
sin %
, %=
?
q
. (26)
Thus,
aq&k=bk+1 , bq&k=ak+1, (27)
and
ak bk+1&bkak+1=a2k&*ak bk+b
2
k=1. (28)
By (10),
k&1=_kB= &\akbk
bk
bk&1+ , Sk&1=\
*b2k
a2k&1+b
2
k&1
&a2k&b
2
k
&*b2k + ,
(29)
where Sk&1=k&1_k&1. The fixed point of k&1 is
fk&1=\1, *&2 akbk , &1+ . (30)
As in Section 1, we shall identify the points f =(:, ;, #) # P2 with the
quadratic forms f (a, b)=:a2+;ab+#b2 where g(1 0)t=(a b)t, g # Gq . If
( f, w)=:{0, we can assume that :=1. Then Q( f )=;2&4#. A form f is
extremal iff | f (a, b)|1 for all g # Gq . The g-strip is the strip |a2+;ab+
#b2|<1 in the (;, #)-plane.
Let h be the point of intersection of L&(k) and L+(Sk). Let Uk be the
involution with axis L&(k) and {k the reflection with axis L+(Sk).
Then h is the hyperbolic fixed point of hk=Uk{k . Let c1=c({k)=
c(Sk)=a2k+b
2
k , c2=c(Uk)=c(k)=ak , c=c(hk)=bk . Then c
2+c21&c
2
2=
&tr(hk) c1 c2 (cf. (31) in [15]) and tr(hk)=&(b2k&a
2
k+(a
2
k+b
2
k)
2)
(ak(a2k+b
2
k))
&1. Hence
Q(h)=\*+ 2akbk+
2
&
4
(a2k+b
2
k)
2=\*+ 2bk*a2kbk+ak+
2
+
4
b2k
. (31)
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Let h$ be the point of intersection of L+(Sk) and L&(SSk). Then
c1=c(Sk)=c(_$k)=ak+1 , c2=c(SSk)=c(F &1k )=*b
2
k+1 , c=bk , and
tr(h$k)=(*2b4k+1&a
2
k+1&b
2
k)(*b
2
k+1ak+1)
&1 where h$k is defined as hk
above. Hence
Q(h$)=\*+ 2*a2k+
2
+
4
b2k
. (32)
Thus, Q(h$)>Q(h).
Similarly, let h" be the point of intersection of L+(k) and L&(Fk+1)
and let h$$$ be the point of intersection of L&(&1k+1) and L
+(S$k+1).
Applying Lemma 3 and (27), we obtain from (31) and (32)
Q(h")=\*+ 2*b2k+2+
2
+
4
a2k+2
,
Q(h$$$)=\*+ 2ak+2bk+2+
2
&
4
(a2k+2+b
2
k+2)
2
=\*+ 2ak+2*b2k+2ak+2+bk+2+
2
+
4
a2k+2
.
Thus, Q(h")>Q(h$$$).
Let vk be the point of intersection of L&(_k)=L&(Ak&1) and
L&(_$k&1)=L&(Ak1). Then vk is the fixed point of
Vk=\&bkak
&bk&1&2ak
ak&1 +\
&ak
&bk
ak+1+2bk
bk+1 + , k=1, ..., q&1.
Hence
Q(vk)=
tr2 Vk&4
c(Vk)2
=\*+ 2ak bk+
2
&
4
(a2k+b
2
k)
2 .
Thus Q(vk)=Q(h) and the parts of the spectrum [&( f ) # M(Gq) : f # Dk],
k=1, ..., [q2], do not overlap provided Q(h)>sup Q( f ), the supremum
being taken over all extremal f # Dk .
Proof of Theorem 1(c). We maintain the notation introduced in
Section 1. First let G be a Hecke group Gq , q=2n, n3. Then, by (26),
an&k=an+k=(cos k%)sin %. In particular, an&1=an+1=cot %, an=csc %.
Since Kn=SU$=_n _, we have from (25) and (26),
Kn=\anbn
bn
an+ , U$=\
&bn
an
&an
bn + .
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Thus, fn&1=(1, 2(anbn), &1), fn=(1, 0, &1). Consider the tree of involu-
tions 9(T ) generated by the triple (Sn&1 , S, U$). Here T=Tn=Sn&1SU$
=_n&1_$&1 where _$&1=__1_ is the reflection in the vertical line L
through v$. Let u1 and u2 be the vertices of Dn , which lie on CT so that u1
and u2 lie on the tangent lines to the absolute C through fn and fn&1
respectively. Thus, the limit set of F(T) is located on the hyperbola CT
between the points u1 and u2 . The roots of u1(x, 1)=0 are &1 and
Sn&1(&1) and of u2(x, 1)=0 are : and U$(:) where fn&1(:, 1)=0, and
:=(an , bn)&1+(1+(anbn)&2)12. Since a2n&1=b
2
n , we have
&&1(u2)=Q12(u2)=|:&U$(:)|=2
an
bn
=
2
cos %
,
and from (29)
&&1(u1)=|Sn&1(&1)+1|
=
2
cos %
+
cos 2% sin4 %
cos % cos2 %2((1+*) cos2 %+cos2 2%)
.
Since tn , the fixed point of Tn , lies on L, the vertical line through v$=Sv,
which does not intersect the arc [u1 , u2] of CT , Q(x) is a decreasing
function as x runs through the limit set of F(T ) from u1 to u2 (see [15,
Lemma 20).
Since %?6,
&&1(u1)<
2
cos %
+0.538 sin4 %
and Q(h)=&&2(h)>(2cos %)2+12 sin4 %>&&2(u1). Thus, the compound
(Sn&1, Sn&1Tn)- and (U$, U$T &1n )-strips exist in D"n and, by Lemma 10, the
tree F(Tn) is unique in D"n . That is if f # Dn is extremal, then f # F(Tn).
Now let q=2n&1, n3. Then an&1=an=2 sin(%2), an&2 } =an+1=
(*&1) an , and
_n=an \11
1&*
&1 + , Sn&1=a2n \
*
+
&2
&*+ ,
S$=a2n \*(2++)*2++2
&4&*2
&*(2++)+ ,
where +=1+(*&1)2 and S$=Sn&1SSn&1. The fixed point of Fn&1=
Sn&1S is fn&1=(1, *&2, &1). The tree F(T), T=Tn=Sn&1SS$n=_1n _,
_1n=_n&1_$1_n&1 , is symmetrical with respect to ;=0. Evidently the
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vertical line through t cuts the arc [u1 , u2]. Now the fixed point of F $=
Sn&1S$n=(Sn&1_)2=Fn&1 Fn , is f $=(+, 0, &2) and
&( f $)=
1
2
(cos2 %+(1&cos %)2)12, %=
?
q
. (33)
Let 9$(T ) be the subtree of 9(T ), T=Tn=S$Sn&1 S$n , generated by
(S$, Sn&1 , S$n). Let F$(T ) be the subtree of F(T ) associated with 9$(T ).
The vertical line through t does not cut the arc [u$1 , u2] on CT . Here u$1
has the roots : and S$(:) so that Q12(u$1)=S$(:)&: where :=&- 2+ is
a root of f $. Hence, for any limit point x of F(T ), &(u$1)&(x)&(u2) and
the bounds are exact.
Let r=a&2n =4sin
2(%2). Since q5, r<0.382. We have *=2&r,
+=2&2r+r2, and Q12(h)&Q12(u$1)>0.67r2. Thus, a compound (Sn&1 ,
Sn&1T )-strip exists in D"n . It consists of Sn&1-, n&1 -, and Sn&1 T-strips.
Due to the symmetry with respect to ;=0, the compound (S$n , S$n T&1)-
strip also exists in D"n . Thus, by Lemma 10, the tree F(Tn) is unique in D"n .
Theorem 1 is proved.
Let q=2n. Let F $=Sn&1U$=Fn&1Kn , and in general F (k)=F kn&1Kn .
Let m=2cos %,
P=\10
m
1 + , W0=\
an
bn
&bn&2bn
&an + ,
and Wk=F kn&1W0 . Then Kn=W0P, Wk # Stab( fn&1 , SL2(R)), k=0, 1, ... .
Hence F (k)=Wk P,
tr F (k)
c(F (k))
=
2
cos %
, k=0, 1, 2, ... .
and
Q( f (k))=
4
cos2 %
&
4
c2k
where ck=c(F (k))=c(Wk). In particular,
&&2( f $)=Q( f $)=
4
cos2 % \1&
sin6 %
(4 cos4 %+sin2 %)2+ . (34)
The following sequence of extremal points f # F(Tn) satisfying the
inequality Q( f )<Q(u2)=m2 will be used in the proof of Theorem 2.
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Let f (k)1 # F(Tn) be the fixed point of F
(k)
1 =F
(k+1)F (k) # G. Then F (k)1 =
Wk+1PWkP and Fn&1=&Wk+1Wk . It follows that
tr(F (k)1 )&mc(F
(k)
1 )=&(tr(Fn&1)&mc(Fn&1))=2 cos 2%.
Hence
Q( f (k)1 )=\m+2 cos 2%c(F (k)1 +
2
&
4
c2(F (k)1 )
>m2. (35)
Now let q=2n&1. We shall show that the fixed points f (k) of F (k)=
F kn&1Fn , k=0, 1, 2, ..., converge to u2 , and &( f
(k))>&(u2). Let
tk=tr F (k), ck=c(F (k)).
Then t0=tr Fn=tr F (0)=tr Fn&1 and c0=c(Fn&1). We have
tk+1&t0 tk+tk&1=0, ck+1&t0ck+ck&1=0.
Solving these finite difference equations we obtain
tk=A1{k+A2 {&k, ck=B1 {k+B2{&k
where {=(t0+(t20&4)
12)2=(t0+K)2, and
A1=(t1&{&1t0)K, A2= &(t1&{t0)K ;
B1=(c1&{&1c0)K, B2= &(c1&{c0)K.
Here c0=*r, t0=(2++)r, c1=2*+r2, t1=2(4+&r2)r2. It follows that
m=Q12(u2)=limk   tkck=A1 B1 . Let p=(c0 t1&c1 t0)(B1K). Then
p>*&r+>1.341 (36)
since c0 t1&c1 t0=2*(*+&r) r&2 and B1K<c1 . Thus
Q( f (k))=\m& pck {&k+
2
&
4
c2k
<m2.
As in the case of q=2n above, we introduce the sequence of extremal
points f # F$(Tn) satisfying the inequality Q( f )>Q(u2)=m2. It will be
used in the proof of Theorem 2. Let f (k)1 # F$(Tn) be the fixed point of
F (k)1 =F
(k+1)F (k)=Fn&1(F (k))2=tkF (k+1)&Fn&1 , k=1, 2, .... (Note that
f (0)1 =_( f ")  F$(Tn)). Let
t$k=tr F (k)1 , c$k=c(F
(k)
1 ).
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Then
t$k=tktk+1&t0 , c$k=tkck+1&c0 ,
and t$kc$k=m+ pkc$k where pk= p(1&tk{&k&1). For k1, applying the
identity 2&+=r*, we obtain
1&
tk
{k+1
1&
A1
{
&
A2
{3
>1&
t1
K{
=
1
K{ \*2&
2
1+(1&4r2(2++)&2)12+>0.1r2
since K{<t20<16r
&2. Thus, by (36), pk>0.134r2. On the other hand, for
k0,
c$kc$0=t0c1&c0=*(2+2+4+&r2) r&3>38.9r&2.
Thus, pk c$k>5 for k=1, 2, ..., and we have
Q( f (k)1 )=\m+pkc$k +
2
&
4
(c$k)2
>m2, k=1, 2, ... . (37)
Remark. Note that Q12(u2)=Sn&1(&’)+’ where ’=r+(4+r2)12
is a root of fn&1 . Thus, Q12(u$1)&Q12(u2)=(11024) r7+(94096) r8+
(158192) r9+O(r10).
In [7], [6], and [13], for q even, the first two minima and, for odd
q>5, only the first minimum in the Markov (and Lagrange) spectra
for the Hecke group Gq have been found. In [11, p. 552], the author
erroneously claims that the first [q2] points in of the Markov spectrum
are &( fk), k=1, 2, ..., [q2] (see Theorem 2(a)). Now we can prove
Theorem 2 which describes the discrete part of the Markov spectrum for
any q>4.
Proof of Theorem 2. (a) The indefinite point f $ is the vertex of Dn . It
can be verified that the inequalities Q( f $)>Q( fk)=4(1+cot2(k%) sin2%),
(see (34), (33), (30)) and Q(u2)>Q( fk) both hold only for kq4.
(b) In the tree F(T ), the neighbors of the point f (i+1) are the points
f (i), f (i+2) and f (i)1 where f
(i)
1 is the fixed point of F
(i)
1 =F
(i+1)F (i). The
points fn&1, f (i+1), f (i)1 are collinear so that Q( fn&1)<Q( f
(i+1))<Q( f (i)1 ).
It is clear from geometry that if f # F(T ) for q=2n or f # F$(T) for
q=2n&1 is not equivalent to one of the points fk or f (i), (q4kq2,
i=0, 1, ...), introduced above then Q( f )>inf Q( f (i)1 )=m
2 by (35) and
(37), as required.
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(c) The sequences of indefinite G-extremal points f (i) # F(T ),
i=1, 2, ..., introduced above satisfy the inequality &( f )>&(u2).
Remark. As was mentioned above, _1(t2)=t2 . Hence the points w, s1 ,
t2 are collinear and, by [15, Corollary 7], 8=S1 P, where P=( 10
m
1 ),
m=*+2*, belongs to the stabilizer of f2 . Thus u1 is the first limit point
of the tree F(T2) and 1&(u1)=*+2*. In particular when q=6, the first
limit points of the trees F(T2) and F(T3) in the Markov spectrum of the
Hecke group G6 are - 35 and - 34 respectively.
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